ABSTRACT. From any monoid scheme X (also known as an F 1 -scheme) one can pass to a semiring scheme (a generalization of a tropical scheme) X S by scalar extension to an idempotent semifield S. We prove that for a given irreducible monoid scheme X (satisfying some mild conditions) and an idempotent semifield S, the Picard group Pic(X) of X is stable under scalar extension to S (and in fact to any field K). In other words, we show that the groups Pic(X) and Pic(X S ) (and Pic(X K )) are isomorphic. In particular, if X C is a toric variety, then Pic(X) is the same as the Picard group of the associated tropical scheme. The Picard groups can be computed by considering the correct sheaf cohomology groups. We also define the group CaCl(X S ) of Cartier divisors modulo principal Cartier divisors for a cancellative semiring scheme X S and prove that CaCl(X S ) is isomorphic to Pic(X S ).
Introduction
In recent years, there has been a growing interest in developing a notion of algebraic geometry over more general algebraic structures than commutative rings or fields. The search for such a theory is interesting in its own right. The current work, however, relates to two actively growing sub-fields of that study. The first one is motivated by the search for "absolute geometry" (commonly known as F 1 -geometry or algebraic geometry in characteristic one) which is first mentioned by J. Tits in [35] ; Tits first hints at the existence of a mysterious field of "characteristic one" by observing a degenerating case of an incidence geometry Γ(K) associated to a Chevalley group G(K) over a field K; when K = F q (a field with q elements), as q → 1, the algebraic structure of K completely degenerates, unlike the geometric structure of Γ(K). This is why Tits suggests that lim q→1 Γ(K) should be a geometry over the field of characteristic one. In [30] , Y. Manin considers the field of characteristic one from the completely different perspective: for developing a geometric approach to the Riemann hypothesis. Shortly after, in [34] , C. Soulé first introduced a notion of algebraic geometry over the field F 1 with one element. Since then A. Connes and C. Consani have worked to find a geometric framework which could allow one to adapt the Weil proof of the Riemann hypothesis for function fields to the Riemann zeta function (cf. [7] , [8] , [9] , [10] , [11] , [12] ). The second field to which this work contributes is a new branch of algebraic geometry called tropical geometry. It studies an algebraic variety X over a valued field k by means of its "combinatorial shadow", called the (set-theoretic) tropicalization of X and denoted trop(X ). This is a degeneration of the original variety to a polyhedral complex obtained from X and a valuation on k. The combinatorial shadow retains a lot of information about the original variety and encodes some of its invariants. Algebraically, trop(X ) is described by polynomials in an idempotent semiring, which is a more general object than a ring -a semiring satisfies the same axioms that a ring does, except invertibility of on Non-commutative Geometry. The authors are grateful for the Institute's hospitality and would like to thank the organizers for providing the opportunity. K.M would also like to thank Dhruv Ranganathan for many helpful conversations. We are thankful to Oliver Lorscheid for suggesting ways to strengthen the results of this note. We would also like to thank the anonymous referees for their valuable comments and suggestions.
Preliminaries
In this section, we review some basic definitions and properties of monoid and semiring schemes. We also recall the notion of Picard groups for monoid schemes developed in [17] and for semiring schemes introduced in [25] .
Picard groups for monoid schemes.
In what follows, by a monoid we always mean a commutative monoid M with an absorbing element 0 M , i.e., 0 M · m = 0 M for all m ∈ M. Note that if M is a monoid without an absorbing element, one can always embed
Remark 2.1. We will use the term "monoid schemes" instead of "F 1 -schemes" to emphasize that we are employing the minimalistic definition of F 1 -schemes based on monoids following A. Deitmar [14] , instead of any of the more general constructions that exist in the literature (cf. [8] or [26] ).
We recall some important notions which will be used throughout the paper. For the details, we refer the reader to [6] , [13] , [14] , [15] . 
One can mimic the construction of the structure sheaf on a scheme to define the structure sheaf (of monoids) on the prime spectrum Spec M of a monoid M. The prime spectrum Spec M together with a structure sheaf is called an affine monoid scheme. A locally monoidal space is a topological space together with a sheaf of monoids. A monoid scheme is a monoidal space which is locally isomorphic to an affine monoid scheme. As in the classical case, we define a morphism between two locally monoidal spaces (X , O X ) and (Y, O Y ) to be a pair ( f , f # ) consisting of a continuous map f : X → Y and a morphism f # : O Y → f * O X of sheaves on Y which is local, i.e., at each point x ∈ X , the induced map
on stalks is a local homomorphism of monoids. Morphisms of monoid schemes are morphisms of locally monoidal spaces. As in the case of schemes, we call a monoid scheme irreducible if the underlying topological space is irreducible.
Remark 2.3.
(1) Let M be a monoid. Then M has a unique maximal ideal m = M\M × . (2) The category of affine monoid schemes is equivalent to the opposite of the category of monoids. A monoid scheme, in this case, is a functor which is locally representable by monoids. In other words, one can understand a monoid scheme as a functor of points. For details, see [32] .
Next, we briefly recall the definition of invertible sheaves on a monoid scheme X . We refer the readers to [6] and [17] for details.
Definition 2.4. [17, §5] Let M be a monoid and X be a monoid scheme.
(1) By an M-set, we mean a set with an M-action. Remark 2.5. We would like to warn the reader that in the literature the same terminology is used to denote different things. In [17] , the authors use the term "smash product" for tensor product of monoids, whereas in [6] , the authors use the term "smash product" only for tensor product of monoids over F 1 , the initial object in the category of monoids. We will use the term tensor product to stay compatible with the language of schemes and semiring schemes.
Let X be a monoid scheme and let Pic(X ) be the set of the isomorphism classes of invertible sheaves on X . Suppose that L 1 and L 2 are invertible sheaves on X as in Definition 2.4. The tensor
is an invertible sheaf on X . Also, as in the classical case, the sheafificaiton L 
becomes an inverse of L 1 with respect to the tensor product in the sense that
One can use the classical argument to prove that Pic(X ) ≃ H 1 (X , O × X ) (for instance, see [17, Lemma 5.3.] ). Recall that for any topological space X and a sheaf F of abelian groups on X , sheaf cohomology H i (X , F ) andČech cohomologyȞ i (X , F ) agree for i = 0, 1. Therefore, we have
2.2 Picard groups for semiring schemes. A semiring is a set (with two binary operations -addition and multiplication) that satisfies the same axioms that a ring does, except invertibility of addition.
In this paper by a semiring we mean a commutative semiring with at least two distinct elements (a multiplicative identity and an additive identity). In particular, a semiring is a commutative monoid with respect to both operations. A semifield is a semiring in which every non-zero element has a multiplicative inverse. For S a semifield, an S-algebra is a morphism of semirings S → A. A semiring A is idempotent if a + a = a, for all elements a ∈ A. An example of an (idempotent) semifield is the tropical semifield which we denote by T. It is defined on the set R ∪ {−∞}, with operations maximum and addition.
Definition 2.6. Let A and B be semirings. Then a function f : A → B is a morphism of semirings if and only if:
Definition 2.7. Let A be a semiring.
(1) An ideal I of A is an additive submonoid I of A such that AI ⊆ I.
(2) An ideal I is said to be prime if I is proper and if ab ∈ I then a ∈ I or b ∈ I. (3) A proper ideal I is maximal if the only ideal strictly containing I is A.
There are several definitions of semiring schemes in the literature. One can find a complete list of the proposed structures and the relations between them in [27] . We present the following definition, originally introduced in [21] , which we will use in this paper.
Definition 2.8. Let A be a semiring algebra and X = Spec A be the set of all prime ideals of A. We endow X with the Zariski topology. The topology on X is generated by the sets of the form
Let A be a semiring and S be a multiplicative subset of A. We recall the construction of the
We impose an equivalence relation on M in such a way that (a, s) ∼ (a ′ , s ′ ) if and only if ∃t ∈ S such that tas ′ = ta ′ s. The underlying set of S −1 A is the set of equivalence classes of M under ∼. We let a s be the equivalence class of (a, s). Then one can define the following binary operations + and
It is well-known that S −1 A is a semiring with the above operations. Furthermore, we have a canonical homomorphism S −1 : A → S −1 A sending a to a 1 . When S = A − p for some prime ideal p, we denote the localization S −1 A by A p .
Let A be a semiring algebra and X = Spec A be the prime spectrum of A. For each Zariski open subset U of X , we define the following set:
where s is a function such that s(p) ∈ A p and s is locally representable by fractions. One can easily see that O X is a sheaf of semirings on X . An affine semiring scheme is the prime spectrum X = Spec A equipped with a structure sheaf O X . Next, by directly generalizing the classical notion of locally ringed spaces, one can define a locally semiringed space, as a topological space with a sheaf of semirings such that at each point, the stalk has a unique maximal ideal. A semiring scheme is a locally semiringed space which is locally isomorphic to an affine semiring scheme.
A special case of the semiring schemes proposed by J. Giansiracusa and N. Giansiracusa are the Tschemes. They are locally isomorphic to the prime spectrum of a quotient of the polynomial semiring over the tropical semifield (denoted T[x 1 , . . . , x n ]) by a particular equivalence relation, called a "bend congruence". In this paper we refer to these schemes as "tropical schemes". We point out that in [28] and [29] the term "tropical schemes" is reserved for T-schemes defined by the bend relations of special ideals, called tropical ideals.
We note that every scheme is a semiring scheme, but never a tropical scheme. The reason is that the structure sheaf of a tropical scheme is a sheaf of additively idempotent semirings which are never rings.
One can extend the familiar notions of invertible sheaves and Picard group of schemes or monoid schemes to the semiring schemes setting. In fact,Čech cohomology for semiring schemes is introduced in [25] and the following is proved.
Theorem 2.9.
[25] Let X be a semiring scheme. Then Pic(X ) is a group and can be computed via
We note that O × X is a sheaf of abelian groups and thus we can define H 1 (X , O × X ) in the usual way and (1). Example 2.10. In [25] , the author also proves that for a projective space P n S over an idempotent semifield S, one obtains that Pic(P n S ) ≃ Z, as in the classical case. In [17] , a similar result is proven for a projective space over a monoid. These two results motivate (among others) the authors of the current note to study relations among Picard groups of schemes, monoid schemes, and semiring schemes under "scalar extensions".
Picard groups of tropical toric schemes
In this section, we prove the main result which states that the Picard group Pic(X ) of an irreducible monoid scheme X (with some mild conditions) is stable under scalar extension to an idempotent semifield. Let us first recall the definition of scalar extension of a monoid scheme to a field or an idempotent semifield.
Let X be a monoid scheme and K a field or an idempotent semifield. Suppose that X is affine, i.e., X = Spec M, for some monoid M. Then the scalar extension is defined as:
where K[M] is a monoid semiring (when K is an idempotent semifield) or a monoid ring (when K is a field). This construction can be globalized to define the base change functors from monoid schemes to semiring schemes (or schemes). For the base change functors from monoid schemes to schemes, see [14] and the case for semiring schemes, see [26, §3] 
Proof. We may assume that X is affine, say X = Spec M, and U = D( f ) for some f ∈ M. Then one can easily check that
In other words,
Remark 3.2. In fact, the scalar extensions can be defined for any semiring S by considering the monoid semiring S[M] for a given monoid M. But in this paper, we only consider the case when S is an idempotent semifield.
Remark 3.3. In [13] , G. Cortiñas, C. Haesemeyer, M. Walker, and C. Weibel prove that from a toric monoid scheme X (a monoid scheme of finite type which is separated, connected, torsion-free, and normal), after scalar extension to a field k, one obtains a toric variety X k . Conversely, the authors also show that from a toric variety X k associated to a fan ∆, one can always construct a toric monoid scheme X = X (∆) (from a fan ∆) in such a way that X k is the scalar extension of X to k. Moreover, they show that there exists a faithful functor from fans to a toric monoid schemes (cf. Theorem 4.4 [13] ).
Since the Picard group Pic(X ) of a semiring scheme X can be computed by the cohomology group with values in the sheaf O × X , we first need to understand K[M] × , the group of multiplicatively invertible elements of K [M] .
Recall that by a cancellative monoid, we mean a monoid M such that if ab = ac, for a ∈ M − {0 M } and b, c ∈ M, then b = c. We insist on using this terminology, since passing to semirings integral (having no zero divisors, i.e., ab = 0 implies either a = 0 or b = 0) and cancellative are two different notions. For example, the semiring of tropical polynomials does not contain zero divisors but is not cancellative (cf. Remark 4.2).
Proposition 3.4. Let M be a cancellative monoid and K be an idempotent semifield. Then we have
, let φ (x) ∈ N be the smallest natural number such that x has a representation of the form
where a k ∈ K and m k ∈ M. Such a representation has a minimal length if and only if each a k = 0 and the elements m k are nonzero and distinct. Since K is an idempotent semifield, two nonzero elements of K cannot sum to zero and hence we have
is the shortest such expression for mx because each a k = 0 and M is cancellative. Hence one has φ (mx) = φ (x). One also has φ (ax) = φ (x) for a ∈ K × .
Now let y ∈ K[M] be nonzero and x ∈ K[M] be arbitrary. Write y = φ (y)
∑ k=1 a k m k with a k = 0 for all k = 1, . . . , φ (y). In particular, a 1 ∈ K × since K is a semifield. Also, since K is idempotent, we have that y = a 1 m 1 + y and hence
Finally suppose x ∈ K[M] × and let y = x −1 . Then we have
Since φ (x) ≤ 1, we have x = am for a ∈ K and m ∈ M. Similarly y = bm ′ for b ∈ K and m ′ ∈ M. One easily sees that ab = 1 and mm ′ = 1, and hence x ∈ K × × M × .
We can computeČech cohomology given the existence of an appropriate open cover. The following result provides a link between Pic(X K ) andČech cohomology of the sheaf K × × O X × (of abelian groups) on X , where K × is the constant sheaf on X associated to the abelian group K × .
In what follows, we will assume the following condition for an irreducible monoid scheme.
Condition 3.5. Let X be an irreducible monoid scheme. Suppose that X has an open affine cover U = {U α } such that any finite intersection of the sets U α is isomorphic to the prime spectrum of a cancellative monoid.
Remark 3.6. A monoid scheme X is said to be separated if the diagonal map ∆ : X → X × Spec F 1 X is a closed immersion. Note that the definition of a closed immersion slightly differs from the case of schemes. See, [13, Definition 2.5., Remark 2.7.1., and §4] for more details. The above condition is not equivalent to the separatedness of monoid schemes. Following [13, Corollary 3.8.] , for any separated monoid scheme X and two affine open subschemes U 1 and U 2 , the intersection U 1 ∩U 2 should be affine. But our condition insists further that such intersection should be given by a cancellative monoid.
Remark 3.7. Condition 3.5 can be weakened as follows: one may only require the existence of an affine open cover U = {U α } such that any finite intersection of the sets U α is isomorphic to a union of prime spectra of cancellative monoids. But it helps to avoid a digression into technicalities, which would make the paper hard to read.
Let X be an irreducible monoid scheme and U = {U i } be an open cover of X . Let
It follows from Lemma 3.1 that U K is an open cover of X K for an idempotent semifield K.
Now, under the assumption of Condition 3.5, we have the following.
Theorem 3.8. Let X be an irreducible monoid scheme and U be an open cover of X satisfying Condition 3.5. Let K be an idempotent semifield,
. Note that by irreducibility of X , we have
. The result will follow if these isomorphisms are compatible with the differentials. However, this reduces to checking that the maps
) agree, which is readily checked. Our next goal is to show that Pic X K can be computed by using a cover that satisfies the assumption of Condition 3.5. Proof. Suppose that a + b = 0. Since K is idempotent we have
Similarly, we obtain that a + b = b. It follows that a = b and hence a + b = a = b as K is idempotent. This implies that a = b = 0, which contradicts the initial assumption. . In particular, we have that I ⊆ m. Now, let p be any prime ideal of K [M] . Since m is a unique maximal ideal, we have that p ⊆ m and hence I ⊆ p, showing that X = U α .
Remark 3.11. A special case of Lemma 3.10, when M is a free monoid generated by n elements, is proved in [25, Lemma 4.20] and referred to as a "tropical partition of unity". In fact, Lemma 3.10 can be also proven by using the fact that K[M] has the unique maximal ideal, namely
and apply the same argument as in Lemma 3.14. Furthermore, as long as a semifield K satisfies the condition in Lemma 3.9, one can easily prove that Lemma 3.10 holds. Theorem 3.12. Let K be an idempotent semifield, M be a cancellative monoid, and X = Spec K [M] . Then Pic(X ) = 0, and more generally, we have
Proof. Let U = {U i } be a covering of X such that every other covering V = {V i } of X contains {U i } as a refinement. Then by definition ofČech cohomology H k (X , F ) = H k (U , F ) for any abelian sheaf F . By Lemma 3.10, this is the case for the covering 
Proof. Combine the previous result with Serre's version ( [33, Théorème 1 of n • 29]) of Leray's theorem.
We now consider similar results for the cohomology of K × ×O × X . The following lemma is an analogue of Lemma 3.10 for monoids. We are now able to express Pic X K in terms of X . 
Proposition 3.18. Let X be an irreducible monoid scheme. Then we have
Proof. Since the constant sheaf on an irreducible space is flasque, we have that H 1 (X , K × ) = 0. Then it follows that
Combining the two previous propositions gives the following theorem.
Theorem 3.19. Let X be an irreducible monoid scheme and U = {U α } is an affine open cover satisfying Condition 3.5. Let K be an idempotent semifield and let
Remark 3.20. We remark that the statements in this section still hold in the case when K is not an idempotent semifield but rather the field of complex numbers C, even though they may require different proofs. As mentioned in Remark 3.3 if X is a connected integral monoid scheme of finite type then X C is a toric variety. First, we observe that Condition 3.5 holds for toric varieties.
It is easy to see that Proposition 3.4 holds for K = C. Proposition 3.1 is true (via the extension of scalars functor). The proof of Theorem 3.8 is the same over C. Proposition 3.12 is a classical result for affine (toric) varieties and implies the statement of Corollary 3.13. Proposition 3.17 and Proposition 3.18 follow from the previous statements with the same proof and together imply Theorem 3.19. This way we obtain that
). This gives us a different proof of Theorem 6.6 of [17] . As observed in [17] the Cartier divisors on X lift to torus-invariant Cartier divisors on X C and this way we recover Fulton's result in [19] Section 3.4 that the Picard group of a toric variety is generated by torus invariant divisors.
Cartier divisors on cancellative semiring schemes
In this section, we define a Cartier divisor on a cancellative semiring scheme X , following the idea of Flores and Weibel [17] . We show that the Picard group Pic(X ) is isomorphic to the group Cart(X ) of Cartier divisors modulo principal Cartier divisors. In what follows, by an integral semiring, we mean a semiring without zero divisors. Let A be an integral semiring and p ∈ Spec A. We will call an element f ∈ A × (multiplicatively) cancellable, if the following condition holds:
By a cancellative semiring, we mean a semiring A such that any nonzero element a ∈ A is cancellable. Proof. As in the classical case, if X is an integral semiring scheme, then X is irreducible and any irreducible topological space has a unique generic point. Proof. Since X is integral, A is an integral semiring. In particular, p = (0) ∈ Spec A is the generic point of Spec A. Again, since X is integral, it follows that p is also the generic point of X . Therefore we have O X,η = A (0) . Definition 4.5. Let X be an integral semiring scheme and U = Spec A be any affine open subset. We define the function field K(X ) of X as follows:
where η is the generic point of U . . One can easily see that A is an integral semiring and hence the generic point is η = (0). Therefore, we have 
It follows that O × X (U ) ⊆ K × (U ). In general, one can cover X with affine open subsets and the argument reduces to the case when X is affine; this is essentially due to Lemma 4.4.
Thanks to Proposition 4.7, we can define a Cartier divisor on a cancellative semiring scheme X as follows:
Definition 4.8. Let X be a cancellative semiring scheme with the function field K. Let K be the constant sheaf associated to K on X . A Cartier divisor on X is a global section of the sheaf of abelian groups K × /O × X . We recall the notion of Cartier divisors on a cancellative monoid scheme. Let X be a cancellative and irreducible monoid scheme with a generic point η. Denote by K = O X,η the stalk at η and by K be the associated constant sheaf. 
